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摘  要 
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The NURBS-based isogeometric analysis offers a seamless integration between 
the CAD and subsequent finite element analysis and has been shown to be very 
effective for wide classes of problems due to its accurate geometric description. 
However, since the NURBS basis functions generally are not interpolatory function, 
the direct imposition of the inhomogeneous essential boundary conditions to the 
NURBS control points may lead to significant errors with deteriorated rates of 
convergence. 
In this work an improved formulation for NURBS-based isogeometric analysis 
is proposed. This is fulfilled by employing a transformation method that relates the 
control variables to the collocated nodal values at the essential boundary. By using 
open knot vectors, the resulting NURBS basis functions associated with the interior 
control points vanish at the boundary. Thus unlike the meshfree approximation, the 
NURBS control points can be clearly partitioned into boundary and interior groups. 
Therefore the transformation method can be only applied to the boundary control 
points via invoking collocation of physical values at a set of boundary points. Several 
potential and elasticity problems evince that much higher solution accuracy with 
optimal convergence rates can be achieved by the present improved formulation 
compared with the method with direct imposition of essential boundary conditions to 
control variables. Moreover boundary condition enforcement method discussed herein 
is the penalty formulation which is very straightforward for computer implementation. 
The efficacy of penalty approach is also verified by two and three dimensional 
numerical examples where optimal convergence rates with improved accuracy are 
also observed. 
Another issue associated with the NURBS finite element analysis is the domain 
integration. This is due to the fact similar to the meshfree approximation the NURBS 
basis function is not polynomial for general geometric conditions and consequently 















Here the strain smoothing sub-domain integration method proposed for Galerkin 
meshfree formulation is further generalized for NURBS isogeometric analysis. This 
method is implemented through the subdivision of an element into several 
sub-domains where the smoothed strain is constructed in the parametric space for the 
integration of internal energy with smoothed stiffness matrix. The derivatives of shape 
function are totally avoided. Numerical results show that the proposed scheme 
perfoms superiorly for the strain energy solutions and meanwhile more efficient than 
those with the Gauss integration rule. 
 
Key words: NURBS finite element method, meshfree method, essential boundary 














目  录 
 iv
目  录 
摘  要......................................................................................................... i 
目  录....................................................................................................... iv 
第一章 绪论 ..............................................................................................1 
1.1 引言...................................................................................................................1 
1.2 几何精确 NURBS 有限元研究的现状..........................................................2 
1.3 论文的选题背景 .............................................................................................3 
1.4 本文的主要内容 ..............................................................................................4 
第二章 CAGD 技术和 NURBS 方法简介..............................................6 
2.1 CAGD 技术和 NURBS 方法的发展历史 ......................................................6 
2.2 B 样条基函数和 B 样条曲线 ..........................................................................7 
2.2.1 B 样条参数空间和 B 样条基函数 ........................................................7 
2.2.2 B 样条基函数的性质 .............................................................................9 
2.2.3 B 样条曲线的造型灵活性 ...................................................................10 
2.2.4 B 样条曲线的分类 ...............................................................................12 
2.3 B 样条曲线的节点插入和升阶.....................................................................15 
2.3.1 B 样条曲线节点插入 ...........................................................................15 
2.3.2 B 样条曲线升阶 ...................................................................................16 
2.4 NURBS 基函数和 NURBS 曲线 ..................................................................18 
2.4.1 NURBS 基函数 ....................................................................................18 
2.4.2 NURBS 曲线权因子的作用及整圆的表示 ........................................19 
2.5 NURBS 曲线的节点插入技术和升阶技术..................................................20 
2.6 NURBS 曲面和 NURBS 实体 ......................................................................23 
2.7 本章小结 .......................................................................................................24 
第三章 几何精确 NURBS 有限元分析理论 ........................................25 















3.2 单元定义和细化 ...........................................................................................26 
3.3 NURBS 有限元基函数 ..................................................................................26 
3.4 势问题的几何精确 NURBS 有限元离散方程............................................28 
3.5 弹性力学问题的几何精确 NURBS 有限元离散方程................................29 
3.6 本章小结 .......................................................................................................32 
第四章 NURBS 有限元分析强制边界施加的变换法 .........................33 
4.1 NURBS 基函数同 MLS/RK 形函数的比较 ................................................33 
4.2 施加强制边界的变换法 ...............................................................................35 





4.4 本章小结 .......................................................................................................58 
第五章 基于罚函数边界条件施加方式的 NURBS 有限元法 ............59 
5.1 基于罚函数边界条件施加方式的 NURBS 有限元法.................................59 






第六章 基于应变光滑子域积分的 NURBS 有限元分析 ....................79 
6.1 应变光滑子域积分 .......................................................................................79 
















目  录 
 vi
6.3 本章小结 .......................................................................................................92 






















Contents ................................................................................................... iv 
1. Introduction...........................................................................................1 
1.1 Introduction.....................................................................................................1 
1.2 Overview of NURBS-dased Finite Element Method....................................2 
1.3 Motivation........................................................................................................3 
1.4 Objective and Scope........................................................................................4 
2 An Introduction of CAGD Technology and NURBS Method............6 
2.1 Overview of CAGD and NURBS...................................................................6 
2.2 B-Spline and Basis Functions.........................................................................7 
2.2.1 The B-Spline Domain and Basis Functions ............................................7 
2.2.2 The Characteristic of B-Spline Basis Functions .....................................9 
2.2.3 The Flexibility of B-spline Method ......................................................10 
2.2.4 The Classification of B-Spline..............................................................12 
2.3 Inserting Knots and Degree Raising of B-Spline .......................................15 
2.3.1 Inserting Knots of B-Spline ..................................................................15 
2.3.2 Degree Raising of B-Spline ..................................................................16 
2.4 NURBS Basis Functions and NURBS .........................................................18 
2.4.1 NURBS Basis Functions.......................................................................18 
2.4.2 The Effect of Weights and The Description of Circle...........................19 
2.5 Inserting Knots and Degree Raising of NURBS.........................................20 
2.6 NURBS Surface NURBS Volume ................................................................23 
2.7 Concluding Remarks ....................................................................................24 
3 The Theory of Isogemetric NURBS FEM..........................................25 
3.1 Isoparametric Transformation ....................................................................25 















3.3 NURBS Basis Functions ...............................................................................26 
3.4 The NURBS FEM Discretization of Potential Problems ...........................28 
3.5 The NURBS FEM Discretization of Elasticity Problems ..........................29 
3.6 Concluding Remarks ....................................................................................32 
4 Transformation Method in NURBS FEM .........................................33 
4.1 The Comparison of NURBS Basis Functions and Meshfree Shape 
Functions..............................................................................................................33 
4.2 Transformation Method ...............................................................................35 
4.3 Numerical Examples.....................................................................................39 
4.3.1 Potential Problem Within Square Domain............................................39 
4.3.2 Hollow Cylinder Heat Conduction Problem.........................................44 
4.3.3 Elastic Cantilever Beam Problem .........................................................48 
4.3.4 Elastic Infinite Plate With a Circular Hole ...........................................53 
4.4 Concluding Remarks ....................................................................................58 
5 Penalty Method Based NURBS FEM............................................59 
5.1 Penalty Mthod Based NURBS FEM ...........................................................59 
5.2 Numerical Examples.....................................................................................60 
5.2.1 Crescentiform Heat Conduction Problem.............................................60 
5.2.2 Elastic Cantilever Beam Problem .........................................................65 
5.2.3 Hollow Cylinder Elasticity Problem.....................................................69 
5.2.4 Hollow Ball Elasticity Problem ............................................................74 
5.3 concluding Remarks .....................................................................................78 
6 Strain Smoothing Sub-domain Integration Based NURBS FEM 
Analysis ....................................................................................................79 
6.1 Strain Smoothing Sub-domain Integration ................................................79 
6.2 Numerial Examples.......................................................................................81 
6.2.1 Elastic Cantilever Beam Problem .........................................................82 















6.2.3 Hollow Cylinder Elasticity Problem.....................................................88 
6.3 Concluding Remarks ....................................................................................92 
7 Conclusions...........................................................................................93 
7.1 Suumary.........................................................................................................93 








































































1.2 几何精确 NURBS 有限元法的研究现状 
为了消除有限元分析的几何离散误差，Hughes 等人把 CAGD（Computer 
Aided Geometric Design）领域中用于表述几何形状的 NURBS 造型技术引入到有
限元分析中，创造性地提出了几何精确 NURBS 有限元法。这种方法把 CAD
（Computer Aided Design）技术和结构有限元分析结合成为一个统一的形式，在
数值模拟中不但可以得到几何形状精确的有限元剖分，而且在计算中可以得到良
好的数值模拟稳定性。NURBS 有限元分析采用描述几何形状的 NURBS 基函数
作为有限元基函数，具有几何精确特性，且几何形状不随离散疏密而改变，即使
是比较稀疏的单元剖分，也能精确描述模型的几何形状。大量的数值算例表明







提供了坚实的基础。Bazilevs 和 Hughes 已经把几何精确 NURBS 有限元分析用于
波动问题[19]；Hughes 等人研究了几何精确 NURBS 有限元在结构动力学问题和
波扩散问题中的应用[16]以及 NURBS 有限元的有效积分方法[20]；Zhang 等人把几
何精确 NURBS 有限元法用于医学领域人体血管的模拟[21]；Cottrell 和 Hughes 研
究了这种方法的网格细化方法，以及这种方法的连续性和逼近性[22]；Cottrell 等
人还把几何精确 NURBS 有限元方法用于振动分析[23]；Benson 等人在几何精确
分析的基础上提出了板壳的剪切变形方程[24]；Gómez 等使用几何精确分析方法
研究了 Cahn–Hilliard 相场模型[18]；Echter 和 Bischoff 研究了基于 NURBS 数值分
析的效率和死锁问题[25]；Lipton 等人探讨了几何精确离散的鲁棒性[26]；Kim 等
对剪切 CAD 面进行了几何精确 NURBS 有限元分析[27]；在几何精确概念的基础
上，Lu 构造了 NURBS 圆形单元[28]；Sevilla 等人提出了一种改进的 NURBS 有
限元方法[29]；Shaw 和 Roy 构造了一种基于 NURBS 的参数无网格方法[30]；近来，













Degree papers are in the “Xiamen University Electronic Theses and Dissertations Database”. Full
texts are available in the following ways: 
1. If your library is a CALIS member libraries, please log on http://etd.calis.edu.cn/ and submit
requests online, or consult the interlibrary loan department in your library. 
2. For users of non-CALIS member libraries, please mail to etd@xmu.edu.cn for delivery details.
厦
门
大
学
博
硕
士
论
文
摘
要
库
